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TWISTED ALEXANDER POLYNOMIALS OF GENUS ONE 

TWO-BRIDGE KNOTS 

ANH T. TRAN 


Abstract. Morifuji [ Mo2l computed the twisted Alexander polynomial of twist knots 
for nonabelian representations. In this paper we compute the twisted Alexander polyno¬ 
mial and the Reidemeister torsion of genus one two-bridge knots, a class of knots which 
includes twist knots. As an application, we give a formula for the Reidemeister torsion 
of the 3-manifold obtained by a Dehn surgery on a genus one two-bridge knot. 


1. Introduction 

The twisted Alexander polynomial, a generalization of the Alexander polynomial, was 
introduced by Lin [LIJ for knots in S 3 and by Wada [ Wa| for finitely presented groups. 
It was interpreted in terms of Reidemeister torsion by Kitano [Ki4] and Kirk-Livingston 
EE). Twisted Alexander polynomials have been extensively studied in the past ten years 
by many authors, see the survey papers [FVI, iMolj and references therein. 

In | IMo2j Morifuji computed the twisted Alexander polynomial of twist knots for non- 
abclian representations. In this paper we will generalize his result to genus one two-bridge 
knots. In a related direction, Kitano jKilj gave a formula for the Reidemeister torsion of 
the 3-manifold obtained by a Dehn surgery on the figure eight knot. In |Trj we generalized 
his result to twist knots. In this paper we will also compute the Reidemeister torsion of 
the 3-manifold obtained by a Dehn surgery on a genus one two-bridge knot. 

Let J(k,l) be the link in Figure 1, where k,l denote the numbers of half twists in the 
boxes. Positive (resp. negative) numbers correspond to right-handed (resp. left-handed) 
twists. Note that J(k, l ) is a knot if and only if kl is even. It is known that the set of all 
genus one two-bridge knots is the same as the set of all the knots J(2m, 2 n) with rrin ^ 0, 
see e.g. m The knots J(2,2n) are known as twist knots. For more information on 
J(k, l), see [H5 ], 



Figure 1. The link J(k,l). 

From now on we fix K = J(2m, 2 n) with mn ^ 0. The knot group of K has a presen¬ 
tation 7 Ti(A') = (a, b | w n a = bw n ) where a, b are meridians and w = (baT * l ) m (b~ l a)™. A 
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representation p : tti(K) —> SL 2 (C) is called nonabclian if the image of p is a nonabelian 
subgroup of SL 2 ( C). Suppose p : 7ir (K) —> SL 2 ( C) is a nonabelian representation. Up to 
conjugation, we may assume that 

s 0 
2 -y s" 1 

where s ^ 0 and y ^ 2 satisfy the Riley equation 0#(s, ?/) = 0, see (HU [Lej. The 
polynomial 0#(s, ?/) will be computed explicitly in Section [2j Note that y = tr p(a6 _1 ). 

Let Sk(v) be the Chebychev polynomials of the second kind defined by S 0 (v) = 1, 
5j (v) = v and Sk(v) = vSk- i(n) — Sk- 2 (v) for all integers k. 

Let x := trp(a) = s + s _1 and z := tr p(w) = 2 + (y — 2)(y + 2 — x 2 )S'^_ 1 (p). 

Theorem 1. Suppose p : Ti\(K) —> SL 2 (C) is a nonabelian representation. Then the 
twisted Alexander polynomial of K is given by 

A KtP (t) = (t + t~ l - x) m (l/ ) ~ y Sm 2 2 ^ ~ ^ ~ 2 

+ x5 m _i(2/)5 n _i(z). 


p(a) = 


s 

0 s 


1 

-l 


and p(6) = 


Theorem 2. Suppose p : tti(K) —* SL 2 (C ) is a nonabelian representation. If x 7 ^ 2 t/ien 
i/ie Reidemeister torsion of K is given by 


t p (K) = (2-x) f- 


Sm(y ) - S m - 2 (y) — 2\ f S n (z) - S n - 2 (z) - 2 


2 / - 2 


z — 2 


+ aS' m _i(y)S , n _i(z). 


Now let M be the 3-manifold obtained by a —surgery on the genus one two-bridge knot 
K. The fundamental group tti(M) has a presentation 

7Ti (M) = (a, 6 | uUa = bw n , a p A 9 = 1), 

where A is the canonical longitude corresponding to the meridian y — a. 


Theorem 3. Suppose p : tti(K) —> SL 2 (C) is a nonabelian representation which extends 
to a representation p : tti(M) —> SL 2 (C). If x {0,2} then the Reidemeister torsion of 
M is given by 


t p (M) = {(2-z)(- 


S m (y) ~ S m - 2 (y) - 2\ fS n (z) - S n - 2 (z) - 2 


y -2 


z — 2 


T %S m —1 1(^) 


4 - a : 2 + (y + 2 - x 2 )(y - 2)Sf n _ 1 (y) 
x 2 (y - 2) 2 Sf n _ l (y) 


Remark 1.1. (1) Theorem ^generalizes the formula for the twisted Alexander polynomial 
of twist knots by Morifuji |Mo2j . 

(2) Theorem [3] generalizes the formulas for the Reidemeister torsion of the 3-manifold 
obtained by a ^-surgery on the figure eight knot by Kitano [Nil] and on twist knots by 
the author [Tr] , 


The paper is organized as follows. In Section [2] we give a formula for the Riley polyno¬ 
mial of a genus one two-bridge knot, and compute the trace of a canonical longitude. In 
Section [3] we review the twisted Alexander polynomial and the Reidemeister torsion of a 
knot. We prove Theorems [lj [2] and [3] in Section [4} 
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2. NONABELIAN REPRESENTATIONS 


In this section we give a formula for the Riley polynomial of a genus one two-bridge 
knot. We also compute the trace of a canonical longitude. 

2.1. Chebyshev polynomials. Recall that S k (v) are the Chebychev polynomials de¬ 
fined by So(v) = 1, Si(v) = v and S k (v) = vSk-i(v) — S k - 2 (f) for all integers k. The 
following lemma is elementary. We will use it many times without referring to it. 

Lemma 2.1. One has S%(v) — vS k (v)S k -i(v) + 5'^_ 1 (u) = 1. 

Let Pk(v) := Yl^=o Si( v )- The next two lemmas are proved 

Lemma 2.2. One has Pk{v) = . 


111 


Lemma 2.3. Suppose V = 
(2.1) V k = 


a b 
c d 


eSL 2 (C). Then 


( 2 . 2 ) 


J2 V ' 


i =0 


S k {v) - dS k .!(v) bS k _i(v) 

cS k _ i(v) S k (v) - aSk-i(v) 

Pk(v) - dP k -i(v) bPk-iiy) 

cPk-i{v) P k (v) - aP k - i(u) 


where v tr V = a + d. Moreover, one has 


(2.3) 


det £ V 


S k +i(v) - 5 fc i(u) 


i =0 


2.2. The Riley polynomial. Recall that K = J(2m,2n). The knot group of K has a 
presentation tti(K) = (a, b \ w n a = bw n ) where a, b are meridians and w = (fea _1 ) m (&~ 1 a) m , 
see IHSJ. Suppose p : 7 Ti(K) —* SL 2 (C ) is a nonabelian representation. Up to conjugation, 
we may assume that 


p(a) = 


0 


„-i 


and p{b) = 


s 0 
2 -y s " 1 


1 — s 

s~\2-y) V ~ 1 


where s 7 ^ 0 and y 7 ^ 2 satisfy the Riley equation 4>k(s, y ) = 0. 

We now compute 0#(s, ?/). Since p{ba~ l ) = 
by Lemma [2.31 we have 

P((6a~T) = 

Similarly 

p{{b- l a) m ) = 


and y = tr p(ba 1 ), 


Sm{y) - (y- 1 )Sm-l(y) -sSm-^y) 
s~ l (2-y)S m _ 1 (y) S m (y) - Sm-^y) 


Sm(y) - (y - 1 (?/) S 

s(j/ - 2)5 m _i(j/) 5 ro (j/) - 5 m _i(j/) 


Hence p(ui) = p(( 6 a 1 ) m (6 l a ) m ) = 


W11 IU 12 

(2 — y)W 12 W 22 


where 


W n = S 2 m (y) + (2-2y)S m (y)S m . l (y) + (l + 2s 2 -2y-s 2 y + y 2 )S 2 m _ 1 (y), 
W 12 = (s _1 - s)S m (y)S m - 1 (y) + (s _1 + s - s'~ 1 y)Sl l _ l {y), 

W 22 = S 2 n (y)~2S m (y)S m _ 1 (y) + (l + 2s- 2 ~s- 2 y)S 2 n _ 1 (y). 
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Let z = tr p(w). Since S^(y)-yS m (y)S m - 1 (y) + S^_ 1 (y) = 1 (by Lemma[ 2 T]), we have 

z = W n + W 2 2 = 2 (Sn(y)-yS m (y)S m -i(y) + Sn- 1 (y)) 

+ (2 ^ 2 + 2s -2 - 2y - s 2 y - s~ 2 y + y 2 )S 2 m _M 
= 2 + (y-2)(y-s 2 -s- 2 )Sl_ l {y). 


By Lemma [2.31 we have p{w n ) 


S n (z)-W 22 S n _ 1 (z ) 

(2 - y)PL 12 S n (z) - W u S n -i(z) 


. Hence 


p(w n a - bw n ) 


0 <t>K(s,y) 

(2 -y)(j>K{s,y) 0 


where 4>K(s,y ) 

= 1 S n (z)^{( S - S - 1 )VL 12 + LL 22 } 1 S n _ 1 (z) 

= S n (z) - {S^(y) - (s 2 + s~ 2 )S rn (y)S m - 1 (y) + (1 + s 2 + s" 2 - y)S 2 m _ l (y)}S n -i(z) 
= S n (z) - {l + (y - s 2 - s~ 2 )S m -i(y)(S m (y ) - S' m _i(?/)) 

Remark 2.4. Similar formulas for fx{s,y ) were already obtained in [MPL1IMT] , 


2.3. Trace of the longitude. By [ HSj the canonical longitude of K corresponding to 
the meridian p = a is A = w n w n , where w is the word in the letters a, b obtained by 
writing w in the reversed order. We now compute its trace. This computation will be 
used in the proof of Theorem [3l 

Let a = 1 + (y — s 2 - s~ 2 )S m - 1 (y)(S m (y) - Sm-^y). 


Lemma 2.5. One has 


oi 2 — za + 1 = (y — s 2 — s 2 )S 2 m _ l (y){ 2 - s 2 - s 2 + (y - s 2 - s 2 )(y - 2)S 2 n _ x (y)). 
Proof. By a direct calculation we have 

a 2 -zaP 1 = {y-s 2 -s~ 2 )S 2 rn _ l (y){2-yP{y-s 2 -s~ 2 ) 

{s 2 miy) - ySm(y)s m -i(y) + {y~ i)^_!(?/))}■ 

The lemma follows, since S 2 n (y) - yS m {y)S m - 1 (y) + Sf^fy) = 1. □ 

Lemma 2.6. One has 

S 2 n-i(z) = {{y~s 2 - s^ 2 )S^ n _ l {y) (2 - s 2 - s" 2 + (y - s 2 - s~ 2 )(y - 2)S 2 n _ 1 (y)) }“\ 

Proof. Since s / 0 and y ^ 2 satisfy the Riley equation f>K(s,y) = 0, we have S n (z) = 
aS n -i(z). Hence 

1 = S 2 {z) - zS n (z)S n . 1 (z) + S^z) = (a 2 - + l)^*). 

The lemma then follows from Lemma 12.51 □ 


Proposition 2.7. One has 


tr p(X) = 2 


_(s + s 1 ) 2 (y -2) 2 Sj_ 1 (y) _ 

2 - s 2 - s~ 2 + (y - s 2 - s~ 2 )(y - 2)Sf n _ 1 (y)' 
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Proof. We have p(w n ) 


S n (z)-W 22 S n . 1 (z) W 12 S n -!{z) 

(2 - y)W 12 Sn-^Z) S n (z) - W U Sn-^Z) 


. Similarly, 


^ = r S n (z) - fa 22 S n -i(z) tv 12 S n -i(z) 

P [ (2-y)tv 12 S n . 1 (z) SM-iVuSn-^z) _ 

where 

= S 2 m (y)-2S m (y)S m -i(y) + (l + 2s 2 -s 2 y)S 2 m _ 1 (y), 
tVi 2 = (s - s~ l )S m (y)S m -i(y) + (s _1 + s - sy)Sl l _ 1 (y), 

&22 = Sl l (y) + (2-2y)S m (y)S m _ 1 (y) + (l + 2s~ 2 -2y-s~ 2 y + y 2 )Sl l _ 1 (y). 
By a direct calculation, using S^y) — yS m (y)S m _i(y) + S‘^ n _ 1 (y) = 1, we have 


trp(A) 


tr (p(W>M) 

2S'W - 2{2 + (y - 2)(y - s 2 - .- 2 )Si_ 1 W)S,W^-iW 
+ {2 - (s + S _1 ) 2 (!/ - 2) 2 (y - s 2 - s _2 )5 2 _,(j/)}S 2 _ 1 (2) 

2 - (»+ » _1 ) 2 (!/ - 2) 2 o - s 2 - 


The lemma then follows from Lemma 12.61 


□ 


3. Twisted Alexander polynomial and Reidemeister torsion 

In this section we briefly review the twisted Alexander polynomial and the Reidemeister 
torsion of a knot. For more details, see [L|J IWal IFV1 IMoll Pol [MU ITuj . 

3.1. Twisted Alexander polynomial of a knot. Let L be a knot in S 3 . We choose a 
Wirtinger presentation for the knot group of L: 

tit (L) = (ai,... ,aj \ n ,... ,r z _i). 

The abelianization homomorphism / : 7ii (L) —>■ Hi(S 3 \ L; Z) = Z = (t) is given by 
/(ay) = • • • = f(a{) = t. Here we specify a generator t of Hi(S 3 \K\ Z) and denote the 
sum in Z multiplicatively. 

Let p : 7Ti(L) —)■ SL 2 (C) be a representation. The maps p and / naturally induce two 
ring homomorphisms p : Z[tii(L)] —> M 2 ( C) and / : Z[tti(L)] —>■ Z[t ±:L ] respectively, where 
’L[iti(L)\ is the group ring of tti(L) and M 2 ( C) is the matrix algebra of degree 2 over C. 
Then <F := p® f defines a ring homomorphism 7\tii(L)\ —> M 2 (C[£ ±:l ]). 

Consider the (l — 1) x / matrix A whose (bj)-component is the 2x2 matrix 

4 0 £M2(z|i±,i) ’ 

where d/da denotes the Fox’s free calculus. For 1 < j < l, denote by Aj the (l — 1) x (l — 1) 
matrix obtained from A by removing the jth column. We regard Aj as a 2(1 — 1) x 2(1 — 1) 
matrix with coefficients in Cfi^ 1 ]. Then Wada’s twisted Alexander polynomial [ Wa] of a 
knot L associated to a representation p : 7 T\(L) —> SL 2 ( C) is defined to be 

. , . det A 7 - 

Al ’ p ^ = det — 1) 

Note that A L, P (t) is well-defined up to a factor t 2k (k G Z). 
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3.2. Torsion of a chain complex. Let C be a chain complex of finite dimensional vector 
spaces over C: 

C=(o^C m -^ C m ._! 

such that for each i = 0, 1 , • • • ,m the followings hold 

• the homology group HfC) is trivial, and 

• a preferred basis c,; of Ci is given. 

Let Bi C Ci be the image of d l+ \. For each i choose a basis 6* of Bi. The short exact 
sequence of C- vector spaces 

0 ^5,-aC.A R_i -a 0 

implies that a new basis of C t can be obtained by taking the union of the vectors of bi 
and some lifts i of the vectors 6j_i. Dehne [(&* U 6j_i)/cj] to be the determinant of the 
matrix expressing (b, Ubi-i) in the basis c,> Note that this scalar does not depend on the 
choice of the lift 6j_i of i. 

The torsion of C is defined to be 

m 

r{C) := [{bi U b i _ 1 )/ ci \ i ~ iy+1 eC \ {0}. 

i =0 

Remark 3.1. Once a preferred basis of C is given, the torsion r{C) is independent of 
the choice of b 0 ,... ,b m . 


3.3. Reidemeister torsion of a CW-complex. Let M be a finite CW-complex and 
p : tti{M) —» SL 2 { C) a representation. Denote by M the universal covering of M. The 
fundamental group rci{M) acts on M as deck transformations. Then the chain complex 
C{M ; Z) has the structure of a chain complex of left Z[7Ti(M)]-modules. 

Let V be the 2-dimensional vector space C 2 with the canonical basis {ei,e 2 }. Using 
the representation p, V has the structure of a right Z[7r 1 (M)]-modulc which we denote by 
V p . Dehne the chain complex U(M; V p ) to be C(M; Z) V p , and choose a preferred 

basis of U(M; V p ) as follows. Let • • • , u l m .} be the set of f-cells of M, and choose a 
lift ?j* of each cell. Then {u\ ® ei,u\ <S) e 2 , • • • ® e iiU l mi ® e 2 } is chosen to be the 

preferred basis of Ci{M\ V p ). 

The Reidemeister torsion t p {M ) is defined as follows: 

_ ( A/) = (r(C(M ; V p )) if p is acyclic, 

1 0 otherwise. 

Here a representation p is called acyclic if all the homology groups V p ) are trivial. 

For a knot L in S' 3 and a representation p : Ti\{L) —> SL 2 { C), the Reidemeister torsion 
t p {L ) of L is defined to be that of the knot complement S 3 \ L. 

The following result which relates the Reidemeister torsion and the twisted Alexander 
polynomial of a knot is due to Johnson. 

Theorem 3.2. [Jo] Let p : tti{L) —> SL 2 { C) be a representation such that det {p{p) — I) ^ 
0, where p is a meridian of L. Then the Reidemeister torsion of L is given by 


t p {L) = A iiP (l). 
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4. Proof of main results 


4.1. Proof of Theorem [Q Recall that K = J(2m, 2 n) and tti(K) = (a,b \ w n a = bw n ), 
where a,b are meridians and w = (&a -1 ) m (6~ 1 a) m . 

Let r = w n aw~ n b~ 1 . We have A K , P (t) = det <L (|^) / det 1). It is easy to see that 
det <h(6 — 1) = t 2 — t(s + s -1 ) + 1 = t 2 — tx + 1. 

For an integer k and a word u (in 2 letters a,b), let 5k(u) = 1 + u + ■ ■ ■ + u k . The 
following lemma follows from direct calculations. 


Lemma 4.1. One has 




where 


Let 


w 


_i dw 
da 


= (a 1 &) m (<5 m _i(& 1 a)6 1 -<5 m _i(a6 1 )). 


Hr = p(<5n-i(w _1 )(a _1 &) m ), 

^2 = - p(5 m _i(a6 _1 ))}(/- tp(a)). 

Then by Lemma 14.11 we have 


det $ 



= det(J + OiI 2 2 ) = 1 + tr (OiT 2 2 ) + det( 0 i 0 2 ). 


Lemma 4.2. One has 

q [ fiPn-iiz) - 7 P„- 2 ( 2 ) -S m _i(y)(s _ 1 P n _i(z) -sP n _ 2 (*)) 

1 [ (2 - ^^(sP^z) - S- 1 P n _ 2 (^)) 7^n-i(*) - PP n -2(z) 

where /3 = S m (y ) - and 7 = P m (i/) - (y - l)P m _i(i/). 

Proof. By Lemma [2.31 we have 

S m (y) ~ S m -i{y) s^Sm-^y) 

—s{y - 2)S m -i{y) S m (y) - {y - 1 )S m - 1 (y) 


(a _1 6) m = 


and 


5n-i(iu ) = 


Pn-r(^) - W n P„_ 2 (z) -W 12 P n . 2 (z ) 

(2/ - 2)Wi 2 P n . 2 {z ) P n _i(z) - W 22 P„_ 2 (z) 
iy a direct calculation. 


The lemma then follows 
Lemma 4.3. One has 

(st + s _1 t _1 - 2)(P m _i(y) - Pm- 2 {y )) R - s~ 1 )P m -i(y) + (t _1 - s)P m - 2 {y ) 


□ 


P 2 = 
Moreover 


. (2 - y)(si - l)(t 1 P m -i(y) — s 1 P m - 2 (y)) (s 1 t + st 1 - y)(P m -i(y) ~ P m - 2 {y)) 

Sm{y) - Sm -2 (y) - 2 


det Q 2 — (t + t 1 — x) 


y -2 


Proof. By Lemma [2.31 we have 


p(<5 m _i(a& x )) = 

p(<5 m _i(6 _1 a)) = 


Pm—liy) Pm— 2(2/) sP m — 2 {y) 

s_ 1 (i/ - 2 )P m - 2 (y) P m -i(y) ~(y~ i)P m - 2 (y) 

Pm-i(y) - {y - l)p m - 2 (y) s- l P m - 2 (y ) 

s(y - 2 )P m -2(y) Pm-iiy) - P m -2(y) 
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The formula for S7 2 then follows by a direct calculation. The one for det f2 2 is obtained 
by using the formula P fc (y) = Sk+1 ^~_ s ^ ( ' y P l in Lemma 12.21 □ 

We now complete the proof of Theorem |T] by computing the determinant and the trace 
of the matrix fRfl 2 . By Lemma [2731 we have det fh = s "( z )-sv»- 2(~)~ 2 _ Hence 


(4.1) det(ili0 2 ) = (t + t 1 — x) 


Sn{z) - Sn- 2 {z) - 2 \ (S m (y) - S m _ 2 (y ) - 2 


y 


By a direct calcultion, using the matrix forms of Q| and 0 2 in Lemmas 14.21 and 14.31 and 
the formula P fc (y) = Sk + l ^~^ k ^~ l , we have 


tr(flifi 2 ) = {(t + t 1 )x-x 2 + (x 2 -2-y)(S m (y)-(y-l)S m _ 1 (y))} 

x S' m _ 1 (y)(P n _ 1 (z) - P n . 2 (z)) + (2 - y)(x 2 - 2 - y)S 2 m _ 1 (y)P n . 2 (z) 
= {(t + t-^x - X 2 + (x 2 - 2 - y)(S m (y) - {y - 
x S' m _i(y)S' n _i(z) + (z- 2 )P n - 2 (z) 

= {(t + t-^x - x 2 + (x 2 - 2 - y(S m (y) - (y - l)S' rrj ,_i(?/)) } 
x S m -i(y)S n - 1 (z) + S n _i(z) - S n _ 2 (z) - 1. 


Since S n - 2 (z) = {l - (y + 2 - x 2 )S’ m _i(y)(S' m _i(y) - S m - 2 (y))}Sn^z) we get 
(4.2) tr(Qi0 2 ) = ((t + t _ 1 )a; - z 2 )S m _i( 2 /)S n _i(z) - 1. 


Finally, by combining the equations (14.ip . (14.21) and A K, P (f) = 1+tr ^ 1 ^+^ t ( ni ^ 2 ) we 
complete the proof of Theorem [I] 


4.2. Proof of Theorem [2l Note that det (p(5) — /) = 2 — x. Since r p (K) = A^, p (l) for 
x ^ 2, Theorem [2] follows directly from Theorem [U 


4.3. Proof of Theorem [3], Let M be the 3-manifold obtained by a ^-surgery on the 
genus one two-bridge knot K = J(2m,2n). Suppose p : tti(K) — > SL 2 ( C) is a nonabelian 
representation which extends to a representation p : n\(M) — > SL 2 { C). Recall that A is 
the canonical longitude corresponding to the meridian p — a. If trp(A) 7 ^ 2 , then by [Kilj 
(see also jKi2l [Ki3] ) the Reidemeister torsion of M is given by 


(4.3) 

By Theorem [2] we have 


t p (M) 


2 — tr p(A) 


t p (K) = (2 - x) 


Sm{y) - S m - 2 (y) - 2 \ / S n (z) - S n - 2 {z) - 2 


y -2 

if x 7 ^ 2. By Proposition 12.71 we have 
tr p(A) — 2 = 


2 ; — 2 


x 2 (y-2) 2 ^ 1 (y) 


T xS m — 1 (y)S' ri _ 1(2)) 


4 — £ 2 + (y + 2 — x 2 )(y — 2)S£_ 1 (y)‘ 


By Lemma [2761 we have <S' m _i(y) 7 ^ 0. This implies that trp(A) 7 ^ 2 if and only if x 7 ^ 0. 
Theorem [3] then follows from (14.31) . 
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